Abstract. We prove two general formulas for a two-parameter family of hypergeometric 3 F 2 (z) functions over a finite field Fq, where q is a power of an odd prime. Each formula evaluates a 3 F 2 in terms of a 2 F 1 over F q 2 . As applications, we evaluate infinite one-parameter families of 3 F 2 ( 1 4 ) and 3 F 2 (−1), thereby extending results of J. Greene-D. Stanton and K. Ono, who gave evaluations in special cases.
Introduction and main theorems
Let F q be a field of q elements, where q is a power of an odd prime p. Throughout this paper, A, B, C, D, E, R, S, χ, ψ, ε, φ will denote complex multiplicative characters on F * q , extended to map 0 to 0. The notation ε and φ will always be reserved for the trivial and quadratic characters, respectively. Write A for the inverse (complex conjugate) of A. For y ∈ F q , let ζ y denote the additive character 
G(A)G(A) = A(−1)q, J(A, A) = −A(−1).
Gauss and Jacobi sums are related by [1, p. 59 ]
J(A, B) = G(A)G(B) G(AB)
, if AB = ε.
(1.4)
The following formulas are special cases of the Davenport-Hasse product relation for Gauss sums [1, p. 351 ]:
A(4)G(A)G(Aφ) = G(A
2 )G(φ) (1.5) and 3 ) , (1.6) where ψ is a cubic character on F q . For x ∈ F q , define the hypergeometric 2 F 1 function over F q by [7, 
A(27)G(A)G(Aψ)G(Aψ) = qG(A

C(y)CE(y − 1)B(z)BD(z − 1)A(1 − xyz).
(1.8)
The "binomial coefficient" over F q is defined by [7, p. 
For u ∈ F q 2 , let N (u) = u 1+q denote the norm map from F q 2 to F q . For any character χ on F q , the composition χN is a character on F q 2 called the lift of χ from F q to F q 2 . We place a hat on a character sum function over F q to indicate that the sum is taken over F q 2 instead of F q . For example, for u ∈ F q 2 ,
Our main results are Theorems 1.1 and 1.2 below, which evaluate an infinite two-parameter class of 3 F 2 functions in terms of 2 F 1 . This class of 3 F 2 functions has also been evaluated in terms of F * (see, e.g., (2.1)). In one respect, F * has an advantage over 2 F 1 , since F * is defined over F q while 2 F 1 is defined over the quadratic extension F q 2 . However, there is a tradeoff, since a 2 F 1 over any finite field is generally better understood than F * . We are unable to express F * in terms of a 2 F 1 , in general. However, because every element of F q 2 is a square, it is always possible to express F * in terms of a 2 F 1 ; see (3.2)-(3.3). This has been our motivation for passing to the extension field F q 2 in this paper.
where
J(A, AC) J(αCN, αφN ) .
Observe that the argument of the 2 F 1 in Theorem 1.2 lies in F q , while that in Theorem 1.1 may lie in the less accomodating field F q 2 . Here too there is a tradeoff, however, because Theorem 1.1 does not require the introduction of the extra character α on F q 2 that occurs in Theorem 1.2.
As an application of Theorem 1.1, we evaluate the following one-parameter family of 3 F 2 ( 
where ψ denotes a cubic character on F q when q ≡ 1(mod 3).
The special case S = φ of Theorem 1.3 was proved in 1998 by K. Ono [10, Theorem 6(v)], [11] , thus solving a problem posed in 1992 by Koike [9, p. 465] . We remark that in view of [7, Theorem 4.2] , there is a result similar to Theorem 1.3 in which the argument 1/4 is replaced by its reciprocal 4.
As an application of Theorem 1.2, we evaluate the following one-parameter family of 3 F 2 (−1). Theorem 1.4. Let C be a character on F q which is not quadratic or quartic, i.e., ord(C) / ∈ {2, 4}. Then
and Cχ is not a square
where χ, D are characters on F q with ord(χ) = 4 when q ≡ 1(mod 4), and β, η are characters on F q 2 with ord(β) = 8, η 2 = CN when q ≡ 3(mod 4).
The special case C = ε of Theorem 1.4 was proved in 1986 by Greene and Stanton [8] , thus solving a problem posed in 1981 [5] . The case q ≡ 1(mod 4) of Theorem 1.4 (which does not require passing to the extension field 
2 .
An analogue for Theorem 1.4 is
These two analogues may be proved, for appropriate values of the parameters, by applying Pfaff's transformation [7, (4.5) We prove Theorems 1.1 and 1.2 in Section 2, after presenting seven prerequisite lemmas and theorems. Theorems 1.3 and 1.4 are proved in Sections 3 and 4, respectively.
For further 3 F 2 evaluations, see [4] and [3] . In [3, (1.14)], for ord(S) / ∈ {1, 3, 4}, we gave the evaluation
thus extending a result of K. We close this section with an example of a 3 F 2 (−1) evaluation where the three numerator parameters are each φ, the two denominator parameters are each ε, and q is a prime congruent to 1 or 3 (mod 8) so that q = x 2 + 2y 2 for integers x, y. First consider the case q ≡ 3(mod 8). By Theorem 1.4 with C = ε,
(1.14)
To simplify this formula, first observe that
Since the restriction of β to F q is the quadratic character φ, we have β(−1) = −1. Thus (1.15) becomes 
By (1.16)-(1.17), the evaluation (1.14) becomes Now suppose that q ≡ 1(mod 8). By Theorem 1.4 with C = ε,
where D is an octic character on F q . By [1, Theorems 3.3.1 and 2.
again in agreement with [10, Theorem 6(iii)].
Proof of Theorems 1.1 and 1.2
Our first lemma gives an alternative representation for the function F * defined in (1.11), by employing Gauss sums in lieu of Jacobi sums.
Proof. First suppose that A is nontrivial. By (1.11),
and the result follows. When A is trivial, the first equality above still holds, and after separating out the summand for trivial χ, we arrive at the desired result.
The next theorem represents F * in terms of the function g defined in (1.12).
Proof. Let y = 0. By Lemma 2.1,
Replacing t by 2vt, we obtain
the desired result.
Corollary 2.3. If A = C and u / ∈ {0, 1}, then
The next theorem gives a transformation formula for F * akin to Euler's transformation for 2 F 1 [7, (4.6) ].
Proof. Define the function L 1 by
By Corollary 2.3,
Replacing w by 1/w and z by zw 2 , we have
Replacing w by w(1 − u) and z by
which is equivalent to the desired result.
The next theorem expresses a 3 F 2 in terms of the square of the function g defined in (1.12).
Proof. By [3, Theorem 1.1],
Substitute for the rightmost factor using Theorem 2.4, and then apply Theorem 2.2 to obtain the desired result.
The next theorem provides us with the means of passing to the extension field F q 2 in this paper. It expresses g 2 in terms of the functionĝ defined over F q 2 , in analogy with the Davenport-Hasse lifting theorem [1, Theorem 11.5.2]. Theorem 2.6. Suppose that R and S are nontrivial, x ∈ F q , and x / ∈ {0, 1}. Then
Proof. Let p(x) be a polynomial over F q , and for a character E on F q , define
Choose γ ∈ F q 2 so that γ 2 generates F * q . We have
and
Since f (y, z) is an even function of z, there exists a two-variable polynomial h over F q such that
Applying (2.7) to the function g, we have
, and δ(S 2 ) = 1 if S = φ and δ(S 2 ) = 0 otherwise. Now,
(2.8)
We have
since S is nontrivial. By (2.8)-(2.9),
g(R, S; x)
2 +ĝ(RN, SN ; x)
The result now follows from (2.10)-(2.11) when S = φ, and it follows easily from (2.10) when S = φ.
The following theorem expresses a 3 F 2 in terms of the function F * defined over F q 2 .
(2.12)
Proof. Combining Theorems 2.5 and 2.6, we have, after simplification,
By Theorem 2.2,
Since AN (2) = A(4) and
The result now follows from (2.13)-(2.15).
We are now in a position to prove Theorems 1.1 and 1.
where α is a character on F q 2 defined by α 2 = AN . Also, by [3, Theorem 1.6],
where u ∈ F q 2 is defined by u 2 = (x − 1)/x. Using (2.17) in (2.12) we obtain Theorem 1.1. Using (2.16) in (2.12), we obtain Theorem 1.2.
Proof of Theorem 1.3
Let ord(S) / ∈ {1, 3, 4}. We first consider the case q ≡ 1(mod 3), so that there exists a cubic character ψ on F q and an element
(a primitive cube root of unity in F q ). By [3, Theorem 1.7] with A = S, C = Sφ,
With the substitution y = (2x+1)u−3 6ω
, we have
Using (1.6), one obtains the simplification 4) and the result follows from (3.2)-(3.4) in the case q ≡ 1(mod 3). Now let q ≡ 2(mod 3). In this case φ(−3) = −1. Define the elements
in F q 2 , and let λ denote a cubic character on F q 2 . As in (3.1), we have (SN, λ) , where the last equality holds because
We now apply Theorem 1.1 with A = S, C = Sφ, x = 1 4 to obtain 
It remains to prove that Q 1 = 1. Since q ≡ 2(mod 3),
so by (1.6),
Thus Q 1 = ±1. To determine the correct sign, first consider the case S = φ. By [1, Theorem 11.6 .1] with m = 6,
Thus, from (3.6), Q 1 = −φ(−27) = 1 when S = φ. Since ord(S) / ∈ {1, 3, 4}, we may now assume that ord(S) ≥ 5.
Choose a character χ on F q of order q − 1 in such a way that 
(To see more clearly the connection with Stickelberger's congruence, simplify the left side of (3.7) using Anton's congruence [6, (2) ].) We have
Now (3.7) follows easily by induction on m, so the proof that Q 1 = 1 is complete.
Proof of Theorem 1.4
Let ord(C) / ∈ {2, 4}. We first consider the case q ≡ 1(mod 4), so that there exists a character χ on F q of order 4.
By [7, Corollary 4 .30], if S, T φ, and ST 2 φ are all nontrivial,
Apply (4.1) with S = Cφ, T = Cχ to get 
4) The desired result in the case q ≡ 1(mod 4) follows easily from (4.3) and (4.4). Now let q ≡ 3(mod 4), and let β, η be characters on F q 2 with ord(β) = 8,
where In view of (4.7) and (4.9), it remains to show that Q 3 = 1.
G(φ)G(Cφ) G(αCN ) G(α)
Since q ≡ 3(mod 4),
so by (1.5) and (4.8),
Thus Q 3 = ±1.
Since q ≡ 3(mod 4), we have φ(−1) = −1, and the restriction of α to F q is trivial. Thus (4.8) becomes 
] to prove that
This congruence is trivially true for k = 0, and it follows for general k by induction. This completes the proof that Q 3 = 1.
